Abstract-A beam-driven structure wakefield accelerator (SWFA) is currently under consideration for future multi-user Xray free-electron-laser (FEL) light sources. One of the challenges associated with SWFA is the efficient energy transfer from the drive to the main bunch that can be enhanced via a precise control over the drive-bunch current profile. This paper discusses the development and initial beam-dynamics simulation of the drivebunch longitudinal dynamics using the fast-tracking program TWICE. This code, written in PYTHON, allows for rapid prototyping of the beam shaping process while taking into account the collective effects using simplified models. This paper describes the algorithm implementation and its capabilities of including collective effects into both forward and backward tracking. Initial results of optimizing beam shape with a conventional linac to produce a drive beam with a shape optimized for SFWA are presented.
I. INTRODUCTION
A critical figure of merit associated with Structure-based Beam-driven Wakefield Acceleration (SWFA) is the transformer ratio R, defined as the ratio of the maximum of the accelerating field behind the bunch E + , to the maximum of the decelerating field within the bunch E − , also defined in Fig. 1 ,
For a symmetric current distribution, R ≤ 2 according to the beam loading theorem. However, it was recognized that tailoring the current distribution could enhance the transformer ratio to arbitrarily large values [1] . Although such an enhancement, for a given bunch charge, comes at the expense of a reduced peak accelerating electric field [2] . Over the years, several beam shaping techniques have been proposed and investigated including photocathode laser shaping techniques [3] [4] [5] , transverse-to-longitudinal phase-space emittance exchange [6] , and multi-frequency linacs [7] . Most of the shaping schemes (except for the phase-space emittance exchange) explore only the longitudinal degree of freedom and can be assisted by collective effects acting in the longitudinal phase space. Therefore, the transverse beam dynamics can be ignored at the early stage of the bunch-shaping optimization process. Consequently, we have written a simple simulation package, Tracking With longItudinal CoordinatE (TWICE), to track the evolution of macroparticles in the longitudinal phase space (LPS). It should be noted that LITRACK [8] , a similar program written in MATLAB, was developed to design Linac Coherent Light Source (LCLS) at Stanford Linear Accelerator Center (SLAC). Such an approach has been proven to be beneficial in the early design of beamlines, and hence we follow this approach. TWICE was written using the opensource PYTHON language to leverage the large number of tools available (e.g., optimization and machine-learning algorithms) and to be deployable on large computer clusters for rapid throughput simulations (e.g., as needed for sensitivity studies or optimizations). It should be stressed that TWICE is not meant to be a full-fledged tracking code such as ELEGANT [9] , but is developed to allow rapid prototyping of the longitudinal beam dynamics in user-defined beamlines before further optimization using other beam-simulation tools.
In this paper, we describe TWICE's capabilities and benchmark results against other codes. We also demonstrate the backward-tracking capabilities taking the example of a final asymmetric-doorstep distribution [1] .
II. LONGITUDINAL TRACKING CODE, TWICE
The design and implementation of TWICE can be categorized into two parts, beam distribution and beamline elements. The beam is represented by a collection of macroparticles with user-defined total charge and LPS coordinate (ζ, E). We take ζ to be the longitudinal position with respect to a reference particle (defined by the user or assigned to be the bunch barycenter) and E to be the total energy. Our sign convention is such that ζ > 0 corresponds to the bunch's head.
The initial bunch distribution can be generated internally using the standard PYTHON random generator library, a Monte-Carlo generator, or loaded from an external file, e.g., from the ASTRA or IMPACT programs. Likewise, we consider implementing an alternative particle generator algorithm that is free from numerical noise, similar to [10, 11] .
A. BEAMLINE ELEMENTS
The longitudinal dynamics of the beam is modeled by a simple LPS coordinate transformation
The acceleration through a radiofrequency (RF) linac is described by the transformation:
where V RF is the accelerator voltage, φ is the off-crest acceleration phase, and f is the RF linac frequency. Likewise, an arbitrary longitudinal transformation in a dispersive section is described via In addition to these simple models, a transformation describing a four bend-chicane is also introduced.
B. COLLECTIVE EFFECTS
Collective effects arising from the interaction of electrons within the beam or from the interaction with external structures can significantly affect the beam dynamics. The collective effects implemented in TWICE include wakefield, coherent synchrotron radiation (CSR), and longitudinal space charge (LSC). In particular, the numerical calculation of these collective effects involves estimating the charge density of the beam, calculating the convolution integral of Green's function with the charge density. In TWICE, longitudinal treatment of collective effects is implemented as a beamline element's operation, specifically energy kick on beam ∆E(ζ i ) with
1) Charge Density Estimation:
One of the challenges in computing collective effects is related to the calculation of the current distribution associated with an ensemble of macroparticles (rather than electrons). The macroparticle representation yields numerical noise that has to be suppressed. In TWICE the current distribution can be computed using a standard histogram-binning method combined with a filtering algorithm to remove high-frequency noise, or using the kernel density estimation (KDE) technique [12] .
2) Wakefield:
The longitudinal wake potential is calculated via a convolution integral of Green's function w z and longitudinal charge density Λ(ζ). The wake function can be obtained from a user-defined function or loaded from an external data file. The integral is shown below:
where
and the rate of energy change is given by
, where ct represents the active length over which the wakefield affects the beam. In the ultra-relativistic regime, the particle longitudinal dynamics is frozen (so that the relative longitudinal position ζ does not change in non-dispersive sections). Consequently, an impulse approximation can be used where the effect of the wakefield is locally applied as an energy kick of the form ∆E(ζ) = t1 t0
where L ≡ c(t 1 − t 0 ) represents the effective length over which the beam is subjected to the wakefield. Several built-in Green's functions w z (ζ) are available in TWICE [e.g., empirically-parameterized geometric wakefield in TESLA superconducting cavities, simple harmonic wakefield of the form w z (ζ) = w 0 cos(ζ)]. Likewise, Green's functions associated with more complicated structures can be directly imported from an external file.
3) Coherent Synchrotron Radiation (CSR):
CSR in dipole magnets is calculated using a one-dimension model [13] commonly used in other beam-dynamics codes, such as IMPACT and ELEGANT. To simplify the calculation and speed up the simulation, only steady-state CSR is currently implemented in TWICE. Given a bunch with longitudinal charge density Λ(ζ), the steady-state integral of CSR is given by [14] ,
where γ, e, ε 0 , R, and θ are Lorentz factor, electron charge, permittivity of free space, bending radius, and angle, respectively. CSR is treated as an energy kick localized downstream of the bending element (in a similar fashion to that described for the wakefield calculation). For example, a CSR kick with user-defined radius and angle can be included directly downstream of a dipole magnet described by its R 56 .
4) Longitudinal Space Charge (LSC):
LSC is also implemented using a one-dimensional (1D) model described by the longitudinal impedance (per unit length) [15] 
where ξ b ≡ kr b /γ; I 1 and K 1 are modified Bessel functions of the first and second kind, respectively; and k and r b are, respectively, the wavevector amplitude and a user-defined transverse radius. The energy kick is therefore computed in the frequency domain as
is obtained from a fast-Fourier-transform (FFT) algorithm from the computed current distribution, and L is the effective length. The final energy kick
In its current implementation, LSC can be included as a standalone LSC kick in drift spaces and linacs. The LSC calculation in a linac for one linac section is lumped into one step and uses an effective Lorentz factor defined as the geometric average γ eff = √ γ i γ f , where γ i,f are the Lorentz factors at the entrance and exit of the linac section, respectively.
C. BACKWARD TRACKING
In TWICE, once a beamline is specified, a final distribution can be tracked in the backward direction. Such a time-reversal feature is convenient to search for an optical accelerator configuration capable of providing a given beam-current distribution [3] . In the ultra-relativistic regime the reverse tracking can be implemented via inverted transformation for a linac
Similarly, in a longitudinal map, δ f = δ i implies
Since all collective effects in TWICE are treated as energy kicks, one can flip the sign of such energy kicks to include them into backward tracking
Such an approximation is not strictly exact, but it provides a good starting point to estimate the desired initial distribution, which can then be included into more sophisticated tracking codes to optimize the accelerator design.
III. BENCHMARK RESULTS
This section provides examples of validations of our algorithms against ELEGANT and published data.
A. LSC FROM A DENSITY MODULATED BUNCH
We consider an example from section II B of J. Qiang et al. [15] , where a uniform beam distribution with current 120 A, energy 120 MeV, and transverse radius r b = 200µm, is perturbed by a 5% modulation. Its current profile is given by
where I 0 = 120A and λ = 15µm, 30µm, 50µm. We generate 100,000 macroparticles with total bunch length = 10λ from Eq. (16) 
B. ACCELERATION WITH GEOMETRIC WAKEFIELD
We now consider the case of a 10-nC, 30-MeV bunch injected in a 8.29-m TESLA accelerating cryomodule (consisting of eight TESLA cavities) providing a total accelerating voltage V RF = 100 MV with phase φ = 10
• . The bunch current follows a Gaussian distribution σ z = 0.53 mm. In TWICE the bunch is represented with 100,000 macroparticles. The geometric wakefield associated with a TESLA cryomodule [16] is included in our simulations. Fig. 3 confirms that the output LPS computed from TWICE is in agreement with the one obtained from ELEGANT.
IV. BUNCH SHAPING WITH CONVENTIONAL LINAC TO ENHANCE TRANSFORMER RATIO
Beam-driven SWFA is a potential candidate for future light sources because of its high gradient acceleration with small physical footprint. Recent studies show that there is a tradeoff between the accelerating gradient and the transformer ratio [2] . In addition, the drive bunch is subject to beam-breakup (BBU) instability. The BBU instability can be circumvented by imparting a correlated energy spread on the bunch to provide Balakin-Novokhatsky-Smirnov (BNS) damping [17] . In the context of SWFA a modified criterion is discussed in Ref. [18] and typically requires a substantial (∼ 10%) correlated fractional energy spread be maintained through the entire deceleration of the drive bunch.
Producing such a drive bunch with the required beam current profile and LPS correlations involves fine tuning of the electron source and beam shaping linac parameters. While optimization algorithms such as multi-objective genetic algorithms (MOGA) are prevalent, it can be time-consuming without a prior knowledge of a good starting point for parameters. Instead of optimizing the whole beamline starting from the electron gun throughout the linac, we split the effort into two parts, bunch shaping in an electron gun and in a conventional linac. Beam simulation in an electron gun requires a fullfledged simulation code since it is in the low energy regime, where space-charge effects in a 10-nC bunch play a significant role. In contrast, beam shaping in a conventional linac can be initially performed with the simplified longitudinal-tracking methods implemented in TWICE. We now consider a specific example where a conventional linac is used to tailor the bunch distribution. A desirable current profile for use in SWFA, assuming a single-mode wakefield excitation there, is the doorstep distribution (see Fig. 1 ) given by
where λ is the wavelength of the excited mode in the considered SWFA, and I 0 is the current at the bunch head. Specifically, we focus on achieving a final distribution with peak current I peak ≈ 3.5kA to excite wakefields in a corrugated waveguide with the fundamental mode centered at 220 GHz (λ = 1.335 mm). We further assume the injection energy in the SWFA is 400 MeV. Additionally, the stability condition discussed in Refs. [18, 19] imposes a total correlated fraction energy spread of 4σ δ = 0.1. The fluctuations observed in Fig. 1 are due to a numerical noise that we consider reducing by employing a particle generator free from numerical noise. It will allow us to reduce the number of macroparticles and hence speed up the simulations.
We consider a 10-nC final distribution with profile described by Eq. (17) (with λ = 1.335 mm) at 400 MeV. The distribution is represented by 100,000 macroparticles, and the associated LPS appears in Fig. 4 . We perform a backward-tracking simulation in the beamline, shown in Fig. 5 , with parameters gathered in Table I . The example beamline follows a widely adopted linac architecture used in XFELs. The accelerator combines two TESLA-type superconducting accelerating cryomodules (shown as L1 and L2) with a third-harmonic linac (L39). The bunch compression is accomplished in two stages at Bunch Compressor 1 (BC1) and Bunch Compressor 2 (BC2). A gun, possibly combined with a short linac, would precede L1. A conventional four-bend chicane compressor has R 56 > 0 and requires a negative chirp bunch (the bunch head has lower energy) for compression. However, the stability constraint requires a positive chirp bunch (the bunch head has higher energy). Hence, our model implements negative values of R 56 to compress the bunch. At the present stage, we are also studying chicane designs that can achieve our purpose, such as discussed in Ref. [20] . Also, note that obtaining the chosen T 566 would require a precise design of the BCs, most likely including sextupole magnets. Fig. 6 presents the initial LPS obtained from backtracking simulations including LSC, wakefield in all the linacs, and CSR effect in the magnetic chicanes. The CSR effect was modeled assuming, for simplicity, that all dipole magnets were 50-cm long with a 2
• bending angle. 
V. CONCLUSIONS
We have developed the simulation package TWICE and benchmarked it with the known results. We applied it for backward tracking in the linac using the doorstep initial distribution. This package will be further refined and used for defining initial parameters for the accelerator delivering the drive bunches for structure-based wakefield accelerators.
